Introduction
In this report, we analyze the torsion in the crank shaft of a gas compressor with one crank. The geometry is 'as drawn in figures la and lb. Two forces are exerted on the crank. First, the crank shaft is at one end driven by a motor. We assume that this happens with uniform angular velocity, irrespective of the load of the crank. Second, the piston meets with the gas force, which is passed on to the crank via the driving shaft. The geometry of the system implies, that the moment of inertia around the crank shaft of all moving parts together depends on the rotation angle q, of the crank shaft. 1be equation of motion for the torsion in this shaft has consequently periodically varying coefficients. A common approach to analyze this torsion is to average these coefficients over a period [1] . The resulting modelling equation can be dealt with in terms of eigenfrequencies, resonances and solutions, which are periodic in time. However, the solutions of the original equation of motion might be non-periodical and even show chaotic behaviour. The purpose of this study is to compare the behaviour of the reduced model with that of the original one in order to check the reliability of the reduction in case of realistic compressor data. 
PISTON -2-

Equation of Motion
The crank shaft is at one end driven with constant angular velocity w and the rotation angle 4to at this end is given by +o(t) = {I) t.
(2.1)
The rotation angle +(t) of the crank will deviate from 4to by the torsion angle .£\4>:
44>(t) = +(t)-+o(t). (2.2)
Because all movements of crank, driving shaft and piston take place in a plane perpendicular to the crank shaft, the total impulse moment J of all these moments together is directed along the crank shaft. It can be written as . .
with the total moment of inertia I given by (2.4) The constants lc and lp are defined in the appendix by (A.llb,c) and the dimensionless factor Z(4>) by (A.7). The second law of Newton for rotating rigid bodies states that (2.5) with the summation over all momenta M; under consideration. In the present model, three momenta are taken into account, namely the torsional, the gas and the frictional momentum. So, we may write
Following Hooke's law, we approximateMIOnion by
The torsion constant k(> 0) depends on the material properties of the shaft.,
In the appendix, expressions forM sas and M friction are derived. The fonner is given by (2.6) (2.7a) (2.7b) with F 8 the force exerted on the piston by the compressed and decompressed gas. F 8 is a periodic function of cp.
-3-An example of the dependence of F 8 on 41 for a realistic compressor is given in figure 2a. 
(2.9) Equation (2.9) may be read as the equation of motion of a particle with unit mass under influence of a hannonic force -by, a frictional force -a y and a driving force F. Both the coefficients a and b and the driving force F are periodic in t with period 21t. They are given by:
F(t) = gas 2
For convenience, we transfonn equation (2.9) into frictionless fonn by means of the substitution
If we differentiate both sides of (2.11a), we find for the torsion velocity
Transfonnation (2.11a) leads to the equation
with the definitions for constant A. In the following section this property is used.
Approximation of d(t)
The coefficient d(t) in (2.12) is a strongly varying function oft mod 21t. In fig. 2b a plot of d versus t is given for a typical data set from practice. In the literature, no method is known to determine the corresponding transition matrix analytically. Instead of resorting to numerical methods, we prefer to apply a technique, which is proven to be reliable in many cases [2] . This method is based on the observation that the contribution of the Fourier components of d(t) to the calculation of • strongly decreases with increasing frequency. This inspired Franks and Sandberg [3] to replace d(t) by a more regularly shaped function with a Fourier spectrum, which closely coincides with that of d(t) as far as the lower frequencies are concerned. We use a staircase function with N equal intervals. The height of the n-th step d, can be calculated from the formula
The Fourier component dm of d(t) is, as usually, defined by
To give an idea of this replacement procedure, we also present in fig. 2b if d,. 
If we use that (3.8a) and (3.8b)
we obtain the recursive fonnula
Thus, if iP(t;, 0) and x(t;) are known at some gridpoint t;, the calculation ofx(t;+ 1 ) and cp{t;+I, 0) merely needs the analytical evaluation of 4!(ti+l , t;), the numerical evaluation of K(t;, t;+ 1 ), and some simple algebraic manipulations.
4. Discussion, Results and Conclusions.
To get some feeling for the possible complexity of the solutions of (2.9) with (2.10), it is instructive to interprete the different tenns somewhat in detail. In the subsequent calculation we shall modify this parameter set merely slightly and study the inftuence of averaging /(t}. friction, piston movement and gas force.
4A. Results for +-independent I
In the literature one often averages /(t). using in (A.11a) the approximation: In this approach (2.9) and (2.10) reduce to y+ay+by=F a= c I (I ro)
In pmctice, we may assume
Mgas' << k. The constant force -c II ro makes the system to oscillate around an avemge level fJ. + given by fJ. + = -c ro I k rad. In fig. 5c , the effect of the gas force is illustrated. The parameters are as in fig. Sa (no friction) .
The deviation of the sinusoidal fonn of M gas is apparently present in the solution. From (4.7) with (4.8) we obtain for this case the value 114\nax = 0.012
which is in fairly good agreement with the average amplitude in fig. 5c .
4B. Results for ~j~-dependent I
Here, we present solutions of (2.9) with (2.10) using expression (2.4) for l(~j~). To isolate the effect of the piston, we first take c e M gas e 0 (no friction, no gas force). The corresponding solution is given in fig. 6a . It clearly contains two signals with frequencies roo and ro respectively. (4.14)
In the calculations above we used k = 5.lot» Nm, which is far from resonance. To study the 
The (a) column is for constant moment of inertia/, the (b) columnforcp-dependent /(cp).
The
numbers (Ba-d) indicate to the figures 8a-d, in which the solutions are plotted.
From table 1 it is clear that averaging out of the cp-dependence of /leads to a considerable smaller region of resonance at the k-axis than found by exact calculations. This implies. that results obtained by the approximation are not reliable to indicate resonant behaviour of the crank-piston system. The choice of the parameters in constructing compressors should always be checked by a complete analysis as described in this report.
Figure Captions
In all figures the parameter values as given in (4.1) are used except for the values explicitly indicated. .... ... In this appendix, we derive expressions (2.4), (2.7b) and (2.7c) used above.
Moment of Inertia
To simplify the derivations, we model the physical driving shaft with length L by a dumb bell of the same length, with all mass concentrated at the ends. See fig. 3 .
Figuur 3. The driving shaft is modelled as a dumb bell with the same rotational properties.
To assure that the dumb bell has the same rotational properties as the driving shaft, the following conditions have to be satisfied:
with md the total mass of the driving shaft. To obtain the moment of inertia corresponding to the parts, which move horizontally, we have to express the position and velocity of the piston in tenns of the rotation angle ell and the angular velocity ell of the crank. For the notation, see fig. 4 .
-- The position x of the piston is given by By differentiating both sides of (A.2), we find an expression for the velocity x of the piston
It remains to express a, cos a, and sin a in tenns of ell and •· From the geometry in fig. 4 we I crank is the moment of inertia of the crank itself and mp the mass of the piston together with all parts rigidly connected to it.
Gas Momentum
Because the driving shaft is, of course, not rigidly connected to the piston or the crank, it can only pass on a force directed along itself. The component of the force F 1 (+), exerted on the piston by the gas, along the driving shaft is (see fig. 4 We assume the friction to be composed of two pans, one of which being proportional to the velocity of the crank shaft and the other proportional to the velocity of the piston. We introduce therefore two frictional constants cc and cp~ 0), which have to be determined experimentally, and write
=-(Cc Rc + Cp R I Z(cjl) I) 4>
= -c(cf >) cjl.
(A.lS)
Note, that R is the radius of the crank and Rc the radius of the crank shaft. We used expression (A.6) fori, but introduced the absolute value of Z(4>) rather than Z(cjl) itself, to make sure that the friction is oppositely directed to the crank movement. This implies, that c(cp) is not differentiable if 41 = 0 or n:. At these points, Z vanishes as long as l < 1. Because this derivative is used in the linearized equation of motion, the function Z(41) is numerically smoothed around these points.
